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INTEGRATIONFORMULAE&ITSTYPES

INTRODUCTION:-

 Thenameintegralcalculushasitsoriginin theprocessifsummationbecausetheword

“ToIntegrate”means“Tofindthesum of”

 Thesegeneralizationsofintegralsweredevelopedfrom theneedofphysics&thesecredit

goestoSirIsaacNewton& GottfriedLeibnitz.Thedefinitionofintegralwasgivenby

“BernhordRiemann”.

Definition:-

If(n)iscontinuousfunctionofxthenthereexistafunctionf(x)suchthatf(x)=(x).Wecallf(x)

isanintegralof(x)andoperationoffindingintegraliscalledasintegration.

InSymbolicform,wewrite

.dx=f(x)∫ .dx=f orf(x) (x) (x)

 IntegrationistheInverseProcessofDerivative.

Inthesechapterwewillstudyabout“indefiniteintegral”.

Thus, c wherec=arbitraryconstant∫ .dx=f +(x) (x)

ALGEBRAOFINTEGRATION

1.∫ dx=[f ±g(x) (x)] ∫f .dx±(x) ∫g dx(x)

2.∫k.f(x)dx=k∫f .dx,k≠0constant(x)

3.∫f .dx=  +c if(ax+b) 1

a
(ax+b) ∫f .dx= +c(x) (x)

Note:-

Inintegrationweadjustthederivativeofxindenominator.

Formulae:-
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1.∫1.dx=x+c

2.∫k.dx=kx+c

3.∫.dx= +c n≠1x
n x

n+1

n+1

4.∫x.dx= +c
x
2

2

5.∫.dx= +cx
2 x

3

3

6.∫ .dx=-+c
1

x
2

1

x

7.∫.dx=logx+c
1

x

8.∫ .dx=2 +c
1
x

x

9.∫ .dx= +c
1

xx

-2
x

10.∫.dx= +ca
x a

x

loga

11.∫.dx= +ce
x

e
x

12.∫logx.dx=xlogx-x+c

13.∫sinx.dx=-cosx+c

14.∫cosx.dx=sinx+c

15.∫tanx.dx= +clog|secx|

16.∫cotx.dx= +clog|sinx|

17.

= +c∫secx.dxlog|secx+tanx|

=log|tan⁡(+)|+c
π

4

x

2
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18.

= +c∫cosecx.dxlog|cosecx-cotx|

=log|tan⁡()|+c
x

2

19.∫ x.dx=tanx+csec
2

20.∫co x.dx=-cotx+csec
2

21.∫secx.tanx.dx=secx+c

22.∫cosecx.cotx.dx=-cosecx+c

23.∫ x.dx=-cosx+ cos3x+csin
3 3

4

1

12

24. ∫ dx=si x+c=- x+c
1

1-x
2

n
-1

cos
-1

25.∫ dx= x+c=- x+c
1

1+x
2 tan

-1
cot

-1

26.∫ dx=se x+c=- x+c
1

x1-x
2

c
-1

cosec
-1

27.∫ dx= +c
1

+x
2
a
2

1

a
tan

-1x

a

28.∫ dx= log +c
1

-a
2
x
2

1

2a |a+xa-x|

29.∫ dx= log +c
1

-x
2
a
2

1

2a |x-ax+a|

30.∫ dx= +c
1

-a
2
x
2

sin
-1(xa)

31.∫ dx=log +c
1

+x
2
a
2

|x+ +x
2
a
2|

32.∫ dx=log +c
1

-x
2
a
2

|x+ -x
2
a
2|
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33.∫ dx= +c
1

x -x
2
a
2

1

a
sec

2(xa)

34.∫ .dx= + log⁡|x+ |+c+a
2
x
2 x

2
+x
2
a
2 a

2

2
+x
2
a
2

35.∫ .dx= + +c-a
2
x
2 x

2
-a
2
x
2 a

2

2
sin

-1|xa|

36.∫ .dx= -log⁡|x+ |+c-x
2
a
2 x

2
-x
2
a
2a

2

2
-x
2
a
2

MethodsofIntegration

 IntegrationbySubstitution

 IntegrationbyParts

 IntegrationbyPartialFractions

IntegrationbySubstitution:-

Inthismethodwereducethegivenfunctiontostandardform by

changingvariablextot,usingsomesuitablesubstitution,x=(t)

Theorem:-

Ifx=(t)ifdifferentiablefunctionoft,then .∫f .dx= dt(x) ∫f [(t)] (t)

 Proofmaybeexpectedinexam RefPageNo.122.

 Taketgefunction&putthefuctionas‘t’.

 Thentakethederivativeofthefunction.

 Thenrearrangethefunctioninvariable‘t’&applytheformulaforsuitablefunction.

 Re-substitutethevalueoft.

Corollary1:-

∫ f .dx= +c[f(x)]n (x)
[f ](x)

n+1

n+1
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Corollary2:-

∫ .dx= +c
f(X)
f(x)

log|f(x)|

Corollary3:-

∫ .dx=2 +c
f(X)
f(x)

f(x)

SpecialCase:-

1. , , , &manymorecases
sin(x+a)

cos(x-b)
cosx

cos(x+a)

sin(x-a)

sin(x+a)

1

.cos(x-a)cos(x-b)

 ArrangetheNumeratorinsuchawaythattheNumeratorislooklikesameasDenominator.

E.g.:

1. = =
sin(x+a)

cos(x-b)
sin[ +(x-b)(a+b)]

cos(x-b)
. + .sin⁡(a+b)sin(x-b)cos(a+b)cos(a-b)

cos⁡(x-b)

2. = X
1

.cos⁡(x-b)sin(x-a)

1

cos(a-b)
cos(a-b)

.sin(x-a)cos(x-b)

= X
1

cos(a-b)
-(x-a)]cos[(x-b)

.cos⁡(x-b)sin(x-a)

= X
1

cos(a-b)
+sin .sin(x-a)cos .cos(x-a)(x-b) (x-b)
.cos⁡(x-b)sin(x-a)

 ThenapplyTrigoFormulae[FactorizationFormula]&ExpandtheFunction.

 ThenIndividualdividetheNumeratorbyDenominator& Simplifythefunction& apply

Integration.

2.Integraloftheform,

∫ .dx;
asinx+bcosx

csinx+dcosx ∫ .dx
a+be

x

c+de
x

 To evaluate this type of integral, we express Numerator
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A +B (Denominator)(Denominator)
d

dx

 ThenfindthevalueofA&B.Bycomparingonbothside.

 ThensubstitutethevalueofA &BinappropriateEquation&solvetheIntegrationby

ParticularMethod.

NOTE:

∫ .dx;
asinx+bcosx

csinx+dcosx ∫ .dx
a+be

x

c+de
x

 Expressin(NU)=A +B (DE),thenfindthevalueofA&B.(DE)
d

dx

 Thentheanswerisgivenbyinfollowingway

=A+Blog|csinx+dcosx|+c

OR

=A+Blog|c +d|+ce
x

IMPORTANTSUBSITUTION:

Sr.No. Expression Substitution

1 -a
2
x
2 x=asinθorx=acosθ

2 +x
2
a
2 x=atanθorx=acotθ

3 -x
2
a
2 x=asecθorx=acosecθ

4
or

a-x

a+x

a+x

a-x

x=acos2θorx=asin2θ

5
or

-a
2
x
2

+a
2
x
2

a+x

a-x

= cos2θor = sin2θx
2

a
2

x
2

a
2

6 a+x

x

x=a θorx=a θtan
2

cot
2
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7 a-x

x

x=a θorx=a θsin
2

cos
2

8
or(x-a)(b-x) x-a

b-x

x=a θ+b θcos
2

sin
2

3.Integralofthetype in orderto find thistypeof∫ dx;
1

a +bx+cx
2 ∫ .dx

1

a +bx+cx
2

integralwemayusethefollowingsteps:

 Makethecoefficientof unityifitisnotas,x
2

1

a∫ .dx;
1

+x+x
2 b

a

c

a

1
a∫ .dx

1

+x+x
2 b

a

c

a

 Findthethirdterm ofthequadraticEquationi.e.

Thirdterm=[Xcoefficientofx
1

2
]
2

 ThenAdd&Substractthethirdtem inthequadraticEquationtomakeitcomplete

square.

 Thenusesuitableformulaforevaluation.

4.Integralsoftheterms∫ .dx &
px+q

a +bx+cx
2 ∫ .dx

px+q

a +bx+cx
2

Inordertofindthistypeofintegrals,weusethefollowingsteps:

 WritetheNumeratorpx+qintheform

px+q=A +B
d

dx
(a +bx+cx

2 )

=A +B(2ax+b)

 ObtainthevalueofA&BbyequatingtheEquation’s.
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 Replacepx+q=A(2ax+b)+Binthegivenintegrals.

i.e.∫ dx=A
px+q

a +bx+cx
2 ∫ dx+B

2ax+b

a +bx+cx
2 ∫ dx

1

a +bx+cx
2

=Alog +B|a +bx+cx
2 | ∫ dx

1

a +bx+cx
2

OR +b∫ dx=A
px+q

a +bx+cx
2

∫ dx
2ax+b

a +bx+cx
2

∫ dx
1

a +bx+cx
2

=2A +Ba +bx+cx
2

∫ dx
1

a +bx+cx
2

NOTE:-IfpowerofDENOMINATORisequalorpowerofNUMERATORisequaltoORgreaterthan

powerofDENOMINATORthendivideNUMERATORbyDENOMINATOR.

5.Integralsoftheform∫ dx;
1

a+ xsin
2 ∫ dx;

1

a+b xcos
2 ∫ dx

1

a x+b s+csin
2

cos
2

Toevaluatethistypeofintegralsweusethefollowingsteps:

 DivideNumerator&Denomenatorbothby xor x.cos
2

sin
2

 Replace xor x,ifany,indenominator,by xor xsec
2

cosec
2

1+tan
2

1+cot
2

 Puttanx=torcotx=t

Thissubstitutionreducestheintegralsintheform &evaluatethe∫ dt
1

a+bt+ct
2

integrals.

6.Integralsofforms ;∫ dx
1

a+bsinx
∫ dx

1

a+bcosx

;∫ dx
1

asinx+bcosx
∫ dx

1

a+bsinx+ccosx

Toevaluatethistypeofintegrals,weusethesubstitution
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=tthendifferentiatew.r.t.x.tan(x2)

∴ dx=dt
1

2
sec

2(x2)

∴dx= =
2dt

()sec
2x

2

2dt

1+ ()tan
2x

2

∴dx=
2dt

1+t
2

Thenwehave,sinx= =

2tan⁡()
x

2

1+ ()tan
2x

2

2dt

1+t
2

&cosx= =

1- ()tan2
2x

2

1+ ()tan
2x

2

1-t
2

1+t
2

7.Integralsofforms ;∫ dx
1

a+bsin2x
∫ dx

1

a+bcos2x

;∫ dx
1

asin2x+bcos2x
∫ dx

1

a+bsin2x+ccos2x

Toevaluatethistypeofintegralsweusesubstitution.

tanx=t

differatiatew.r.t.x

x.dx=dtsec
2

∴dx= = =
dt

xsec
2

dt

1+ xtan
2

dt

1+t
2

Then,
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sin2x= =
2tanx

1+ xtan
2

2t

1+t
2

cos2x= =
1- xtan

2

1+ xtan
2

1-t
2

1+t
2

2.IntegrationbyParts:-

TheMethodsofIntegrationbyPartsisusedwhentheintegratedcanbe

expressedasproductoftwosuitablefunctions,oneofwhichcanbedifferentiableandtheother

canbeintegrated.

Theorem:-Ifu&varetwofunctionsofxthen,

or∫u.vdx=∫v.dx .dx
du

dx

.vdx=uv1–u
1v11+u

11v11i–u
111viv+................................................+c∫u

wherev1=integrationofv

u1=integrationofu

****Performtheseunless&untilthederivativeofubecome

1.[Proofisexpectedinexamref.PageNo.160]

1.Whentheintegratedisproductoftwofunctionsoutofwhichsecondhastobeintegrated

(whoseintegrationisknown).Henceweshouldmaketheproperchoiceofthefirstfunctionsu

&secondfunctionv.

2.Wecanchoosethefirstfunctionsasthefunctionwhichcomesfirstinserialorderofletterof

the“LIATE”where

L : LogarithmicFunction
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I : InverseTrigonometricFunction

A : AlgebraicFunction

T : TrigonometricFunction

E : ExponentialFunction

3.Iftheintegrandcontainsalogarithmicoraninversetrigonometricfunction,takeitasthefirst

function.Inallsuchcases,ifthesecondfunctionisnotgiven,takeitas1.

1.Integraloftypes:-∫ dxe
x
[f +f(x) (x)]

Theorem:- = f +c∫ dxe
x
[f +f(x) (x)] e

x
(x)

 Proofmaybeexpectedinexam Ref.PageNo.164.

 Makethefunctioninsuchawaythatthefunctionissplitintotwopartsoneisananother

function&otherisaderivativeofthatfunction.

 Andmakethefunctionintheaboveform &applytheaboveRule.

2.Integraloftype: .dx; .dx; .dx∫ +a
2
x
2

∫ -a
2
x
2

∫ -x
2
a
2

1) .dx= + log⁡|x+ +c∫ +a
2
x
2 x

∝
∫ +a

2
x
2 a

2

2
+a
2
x
2

2) .dx= + +c∫ -a
2
x
2 x

∝
∫ +a

2
x
2 a

2

2
sin

-1(xa)

3) .dx= - log⁡|x+ +c∫ -x
2
a
2 x

2
∫ -x

2
a
2 a

2

2
-x
2
a
2

ProofMaybeExpectedinexam ReferPageNo.166.
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 Inordertoevaluateintegralsofform ,wefollowfollowingsteps:∫ .dx-bx+cax
2

o Makecoefficientofx2asunitybytaking commona

o Findthirdterm &Add&Subtractthirdterm inQuadraticEquation.

o Thenmakeitcompletesquare&applysuitableformulaforevaluation.

3.Integralsofthesum∫ .dx(px+q) +bx+cax
2

 InOrdertoevaluatethistypeofintegrals,writePx+q=A +B
d

dx
(a +bx+cx

2 )

 ThenfindthevalueofA&BbyequatingbyEquation.

 ThenPutthevalueofA&BinappropriateEquation&makeitasuitablefrom thenapply

formulaaccordingtotheformula&evaluatetheintegrals.

4.IntegrationbyPartialFraction:-

Iff(x)&g(x)aretwopolynomialsthen ,g(x)≠0iscalledarationalalgebraicfunction.
f(x)

g(x)

1)Ifdegreeoff(x)<degreeofg(x)then iscalledaproperrationalfunction.
f(x)

g(x)

2)Ifdegreeoff(x)≥degreeofg(x)thendividef(x)byg(x)andexpressthefunction as
f(x)

g(x)

=Quotient+ ,g≠0
f(x)

g(x)

Remainder

g(x)

Then isaproperfunction.
Remainder

g(x)

Someimportantformula:-
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Sr.No. RationalForm PartialForm

1 px+q
(x-a)(x-b)

+
A

(x-a)
B

(x-b)

2 p +qx+rx
2

(x-a)(x-b)(x-c)
+ +

A
(x-a)

B
(x-b)

C
(x-c)

3 px+q
(x-a)2

+
A

(x-a)
B

(x-a)2

4 p +qx+rx
2

(x-a)2(x-b)
+ +

A
(x-a)

B
(x-a)2

C
(x-b)

5 p +qx+rx
2

(x-a)3(x-b)
+ + +

A
(x-a)

B
(x-a)2

C
(x-a)3

D
(x-b)

6 p +qx+rx
2

(x-a)(+bx+cx
2 )

+
A

(x-a)
Bx+C

+bx+cx
2

Where +bx+ccan’tbefactorisedx
2

 Afteraboveprocessmakethedenominatorinfactorformulathenapplythepartial

form accordingtotheabovetable.

 ThenfindthevalueofA&Bbyoutingvalueofxorbycomparingbothside.

 SubstitutethevalueofA&BinappropriateEquationthenapplyparticularformula

ccordingtotheintegralforms.


