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INTEGRATION FORMULAE & ITS TYPES
INTRODUCTION:-

e The name integral calculus has its origin in the process if summation because the word

“To Integrate” means “To find the sum of”

e These generalizations of integrals were developed from the need of physics & these credit
goes to Sir Isaac Newton & Gottfried Leibnitz. The definition of integral was. given by

“Bernhord Riemann”.
Definition:-

If @(n) is continuous function of x then there exist a function f(x) such thatf '(x)=J(x). We call f(x)

is an integral of &(x) and operation of finding integral is called as integration.

In Symbolic form, we write
I@(x).dx=f(x) or f’(x).dx = f(x)

e Integration is the Inverse Process of Derivative.
In these chapter we will study about “indefinite integral”.
Thus, (& (x).dx=f(x)+ C where c = arbitrary constant

ALGEBRA OF INTEGRATION

1. [[f(x)* g(x)]dx= [f(x).dx+ [g(x)dx

2. [kf(x)dx=k[f(x).dx, k#0 constant
3. [f(ax+b).dx= i@(ax+b)+c if [£(x).dx= & (x)+c

Note:-

In integration we adjust the derivative of x in denominator.

Formulae:-
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11.
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13.

14.

12.
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17.

. [ldx=x+c

[k.dx=kx+c

n+1

[x".dx= X 1+c nzl
n+

2
dx=2%
[x.dx 2+C

3
fxz.dx=x—+c
3

_[lz.dx= L
X X

_[i.dx= logx+c

) I%.dxz 2Jx+c

1 e 2
Ixﬁ'dx_ N
aX
log a

+C

j'ax.dx:

_[ex.dx= e'+c
[logx.dx= xlogx-x+¢€
[sinx.dx= -cosx+c
[cosx.dx= sinx+c
[tanx.dx=log |secx|+c

[cotx.dx=log |sinx|+c

[secx.dx=log |secx+tanx|+c
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31.

32.

[cosecx.dx=log |cosecx-cotx|+c

2
[sec"x.dx=tanx+c
2
[cosecx.dx=-cotx+c
[secx.tanx.dx=secx+c

[cosecx.cotx.dx=-cosecx+c

ISinBX.dX:-%COSX+%COS3X+C

. -1 -1
dx=sin xX+Cc=-c0S X+C

J

2

1-x

_[1 1 sdx=tan ' x+c=-cot 'x+c
+X

-1 -1
dx=sec x+c=-cosec X+C

J

2
x |1-x

| 21 dezltan'1§+c
X +a a a

1 a+x
—log|——{+c

1
——dx=
Iaz-x2 2a a-x

1 1 X-a
——dx=—log|—[+
Ixz-a2 X 2a 08 X+a ¢

f %dksin'l(g)ﬂ
a-x a

j'/%dx:logbﬁ /x2+a2|+c

X" +a

jj%dx=log|x+ /xz-a2|+c
X"-a
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33. | jﬁdx_ sec( ]+c

+C

35. jjaz-xz.dX——Ja X +—sm

36. L/x -’ dX—— x>-a’- Zlog3§3|x+ [x*-a’|+c

Methods of Integration

e Integration by Substitution
e Integration by Parts

e Integration by Partial Fractions

Integration by Substitution:-

In this method we reduce the given function to standard form by

changing variable x to t, using some suitable substitution, x = &(t)
Theorem:-
If x= &(t) if differentiable function of t, then [f(x).dx=[f[< (t)] < '(t)dt.
e Proof may be expected in exam Ref Page No.122.
e Take tge function & put the fuction as ‘t'.
e Then take the derivative of the function.
e Then rearrange the function in variable ‘t’ & apply the formula for suitable function.

e Re-substitute the value of t.
Corollary 1:-

j'[f(x)]“f’(x).dx:—[f(r)l(_?_]lm+c
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Corollary 2:-

f%.dxﬂog [f(x)|+c

Corollary 3:-

(11X Gy=2 i) +c

Jiey

Special Case:-

sin (x+a) COSX sin (x-a) 1
" cos (x-b)" cos (x+a)’ sin(x+a)’ cos (x-a).cos (x-b)

& many more cases

e Arrange the Numerator in such a way that the Numerator is look like same as Denominator.

E.g.

1.

1 o cos| (x-b)-(x-a)]

cos (a-b)" sin (x-a).cosii(x-b)

1 cos (x-b).cos(x-a)+sin(x-b).sin(x-a)

cos (a-b) sin (x-a).cos¥i(x-b)

e Then apply Trigo Formulae [Factorization Formula] & Expand the Function.

e Then Individual divide the Numerator by Denominator & Simplify the function & apply

Integration.
2. Integral of the form,

. X
asinx+bcosx ae +b
INATDCOSK 1x:

- ) ——.dx
csinx+dcosx ce +d

e To evaluate this type of integral, we express

Nume
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A(Denominator) + Bdi(Denominator)
X

e Then find the value of A & B. By comparing on both side.

e Then substitute the value of A & B in appropriate Equation & solve the Integration by
Particular Method.

NOTE:

. X
asinx+bcosx ae +b
go oA TEEOs dX'

- . ——.dx
csinx+dcosx ce +d

e Expressin (NU)=A(DE) + Bdi(DE), then find the value of A & B:
X

e Then the answer is given by in following way

=A+Blog|csinx+dcosx|+c’

OR
=A+Blog|ce +d|+c’
IMPORTANT SUBSITUTION:
Sr. No. Expression Substitution
1 jaz-xz X = asin® or x = acos0
2 Jx2+a2 X = atan® or x = acot
3 JXZ_aZ x = asecO or x = acosec
4 jﬂ o ja+—x X = acos20 or x = asin20
a+x a-x
5 jazz_xzz o ja+x X’ =a’cos20 or x =a’sin20
a‘+x a-x
6 ja_ﬂ X = atan’® or x = acot’8
X
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.2 2
7 ja-x X = asin’® or x = acos 0
X

2 . 2
- = 0 + bsin'©
) b- X-a X = acos
/(x-a)(b-x) or j_b-x

1

j'z—.dx in order to find this type of
/ax +bx+c

3. Integral of the type | dx;

2
ax +bx+c

integral we may use the following steps:

Make the coefficient of x” unity if it is not as,

[ RISy
a a a a

Find the third term of the quadratic Equation.i.e.

Third term=[% X coefficient of x]

Then Add & Substract the third tem in the quadratic Equation to make it complete

square.

Then use suitable formula for evaluation.

PX_ g g [ BXYD g

4. Integrals of theterms [—5——— :
ax +bx+c /ax2+bx+c

In order to find this type of integrals, we use the following steps:

o~ Write the Numerator px + q in the form
d(r 2
px+q= A—(ax +bX+C) +B
dx

= A(2ax+b) + B

e Obtain the value of A & B by equating the Equation’s.
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e Replace px + q = A(2ax + b) + B in the given integrals.

1

ie. j%dx:Ajzzax—*-deBj > dx
ax +bx+c ax +bx+c ax +bx+c
_ 2 1
= A loglax*+bx+c| + Bf[————dx
ax +bx+c

OR J. px+q dx:Af 2ax+b

1
—_ ——dx + bj'—dx
[ax’+bx+c [ax’+bx+c /ax2+bx+c
=2A /ax2+bx+c + Bj%dx
/ax +bx+c

NOTE:- If power of DENOMINATOR is equal or power of NUMERATOR is equal to OR greater than
power of DENOMINATOR then divide NUMERATOR by DENOMINATOR.

1
2
a+bcos™x

1

2 2 dx
asin“x+bcos s+c

5. Integrals of the form | 1 —dx; |
a+sinx

dx; |
To evaluate this type of integrals we use the following steps:

 Divide Numerator & Denomenator both by cos’x or sin’x.

e Replace sec’x orcosec’, if any, in denominator, by 1+tan’x or 1+cot’x

e Puttanx=t or cotx=t

This substitution reduces the integrals in the form j%dt & evaluate the

at"+bt+c
integrals.
6. Integrals of forms | dx; | L
a+bsinx a+bcosx
1 1
_— dx
J asinx+bcosx J a+bsinx+ccosx

To evaluate this type of integrals, we use the substitution
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tan (%) =t then differentiate w.r.t.x.

1sec2 X dx = dt
2 2

dge 2dt _ 2dt

2,X 2, X
= 1+t =
sec (2) an (2)

o dX = Zdtz
1+t
2tanivi(=
) ) 2dt
Then we have, Sinx = = >
2,.X 1+t
1+tan (=)
2
1-tan22(§) )
B 27 o1t
&cosx=— = W
1+tan2(§) .
2
7. Integrals of forms [————=dx; j; X
a+bsin2x a+bcos2x
[ S, —
asin2x+bcos2x a+bsin2x+ccos2x

To evaluate this type of integrals we use substitution.

tanx =t
differatiate w.r.t.x

sec’x.dx = dt

o dx = dt dt dt
< UX 2. - 2. - 2
sec’x 1l+tan"x 1+t

Then,
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Sin2x = Ztam; _ 2t2
1+tan'x 1+t

2 2

COS2X = 1-tan'x _ 1-t

1+tan’x - 1+t

2. Integration by Parts:-

The Methods of Integration by Parts is used when the integrated can be
expressed as product of two suitable functions, one of which can be differentiable and the other

can be integrated.

Theorem:- If u & v are two functions of x then,

du
vdx=(v.dx —.dx or
Juvdx=[v de X

Juvdx = uvi- U'V11 + U VI - U Vit # oo e e +C
where vi1 = integration of v
u'= integration of u
**¥* Perform these unless & until the derivative of u become
1. [ Proof is expected in exam ref. Page No.160]

1. When the integrated is product of two functions out of which second has to be integrated
(whose integration is known). Hence we should make the proper choice of the first functions u

& second function v.

2. We can choose the first functions as the function which comes first in serial order of letter of

the “LIATE” where

L : Logarithmic Function
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| : Inverse Trigonometric Function

A : Algebraic Function
T : Trigonometric Function
E : Exponential Function

3. If the integrand contains a logarithmic or an inverse trigonometric function, take it as the first

function. In all such cases, if the second function is not given, take it as.1.
1. Integral of types :- [e'[f(x)+f’(x)]dx
Theorem:- [e'[f(x)+f’"(x)]dx = e'f(x) + ¢
e Proof may be expected in exam Ref. Page No.164.

e Make the function in such a way that the function is split into two parts one is an another

function & other is a derivative of that function.

¢ And make the function in the above form & apply the above Rule.

2. Integral of type: [ [a*+x.dx; [a’x’.dx; [ x’-a”.dx

2
2 2_ Z,d :é 2 2+a_.-l§ +
) [{a™x".dx ocj/a+x T A

2
3) [[x’-a’dx = % [ x*-a” - %10 Tlx + -’ +

Proof May be Expected in exam Refer Page N0.166.
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e In order to evaluate integrals of form | /axz-bx+c.dx, we follow following steps:

o Make coefficient of x* as unity by taking Ja common
o Find third term & Add & Subtract third term in Quadratic Equation.

o Then make it complete square & apply suitable formula for evaluation.

3. Integrals of the sum [(px+q) fax’+bx+c.dx
¢ In Order to evaluate this type of integrals, write Px + q = Adi(ax2+bx+c) + B
X

e Then find the value of A & B by equating by Equation.

e Then Put the value of A & B in appropriate Equation-& make it a suitable from then apply

formula according to the formula & evaluate the integrals.

4. Integration by Partial Fraction:-

If f(x) & g(x) are two polynomials then % g(x)#0 is called a rational algebraic function.

1) If degree of f(x)<degree of g(x) then % is called a proper rational function.
giX

2) If degree of f(x)=degree of g(x) then divide f(x) by g(x) and express the function fx) as

g(x)
f(x) _ Quotient + Remalnder’ g#0
8(x) g(x)
Then Remainder is a proper function.
g(x)

Some important formula:-
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Sr. No. Rational Form Partial Form
1 px+q A ., B
(x-a)(x-b) (x-a) " (x-b)
2 px2+qx+r A N B N C
(x-a)(x-b) (x-c) (x-a) " (x-b) * (x-0)
3 pXx+q A , B
(x-a)? (x-a) * (x-a)?
4 DX +QX+T A, B C
(x-a)2(x-b) (x-a) * (x-a)? " (x-b)
5 px2+qx+r A . B N C . D
(x-a)3(x-b) (x-a) " (x-a)? ~.(x-a)®" (x-b)
6 pX +gx+T A, Bx+C
(x-a) (x*+bx+c) (x-a) " ’+bx+c
Where x* + bx + c can't be factorised

e After above process make the-denominator in factor formula then apply the partial

form according to the above table.
e Then find the value of A & B by outing value of x or by comparing both side.

e Substitute the valueiof A & B in appropriate Equation then apply particular formula

ccording to-the integral forms.



